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We study the effect of weak lensing by cosmic (super-)strings on the anisotropics of cosmic mi- 
crowave background (CMB). In developing a method to calculate the lensing convergence field due 
to strings, and thereby temperature and polarization angular power spectra of CMB, we clarify how 
the nature of strings, characterized by the intercommuting probability, can influence these CMB 
anisotropics. Assuming that the power spectrum is dominated by Poisson-distributed string seg- 
ments, we find that the convergence spectrum peaks at low multipoles and is mostly contributed 
from strings located at relatively low redshifts. As the intercommuting probability decreases, the 
spectra of the convergence and hence the lensed temperature and polarizations are gained because 
the number density of string segments becomes larger. An observationally important feature of the 
string-induced CMB polarizations is that the string-lensed spectra decay more slowly on small scales 
compared with primordial scalar perturbations from standard infiation. 

PACS numbers: 



I. INTRODUCTION 

Although there has been no direct evidence for the 
detection of topological defects in the Universe, there 
are good theoretical reasons for beheving their existence 
and reasonable prospects for the detection. It is natu- 
raUy expected that topological defects, appearing as so- 
lutions to the field equation in various models of particle 
physics, have formed during phase transitions in the early 
universe through spontaneous symmetry breakings [l|-l3| . 
Cosmic strings, as a remnant of unified theories, have 
been expected to offer a good opportunity to probe ex- 
tremely high energy physics through their discovery 

Recently, cosmic strings have attracted a renewed in- 
terest in the context of string cosmology since it was 
pointed out that a new type of cosmic strings, so-called 
cosmic superstrings, may be formed at the end of stringy 
inflation [5|-l9[ (for reviews, see 

[iM3)- 

Cosmic super- 
strings, stretched to macroscopic scales by the succeeding 
expansion of the Universe after their formation, could be 
also an observable remnant of the string theory as the 
most promising modern unified theory jlSj . 

One of the observationally important features of cos- 
mic superstrings compared to field-theoretic ones arises 
from the fact that, from the four-dimensional point of 
view, the process of intercommutation of two strings is 
probabilistic; the intercommuting probability for field- 
theoretic strings P has been shown to be almost always 
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unity |19l - l26{ . while the value of P can be significantly 
smaller for cosmic superstrings [26l - [28j . The intercom- 
mutation process provides an essential mechanism for a 
string network to lose its energy, letting the network ap- 
proach to an attractor solution. Therefore, observations 
associated with the global structure of the string network, 
which sensitively depends on the intercommuting proba- 
bility, have a potential to give us important information 
about the nature of cosmic (super-)strings. 

In particular, the imprint of cosmic strings on the 
cosmic microwave background (CMB) has been widely 
studied. For example, strings induce CMB temper- 
ature anisotropics with an amplitude typically given 
by the dimcnsionless tension C?/i th roug h the so-called 
Gott-Kaiser-Stebbins (GKS) effect Ha [3|. Histori- 
cally, cosmic strings were even seriously considered as 
seed of structure formation in the Universe [3l|, Is^ . 
though the observations of the acoustic oscillation in 
the CMB temperature power spectrum have excluded 
strings as a dominant source of the large-scale tempera- 
ture anisotropy |33j . Using this fact, constraints on the 
tension for conventional field-theoretic strings have been 
derived [33 - l37| . Nevertheless, it has been argued that 
there are some possibilities to detect a signal of cosmic 
strings in CMB as we remind readers below. 

First, the CMB temperature fluctuations can be dom- 
inated by those due to strings on small scales because 
there the primary fluctuations are damped out [H, IstI - 
|40| . Observations of the temperature angular power 
spectrum on small scales by, e.g., Atacama Cosmol- 
ogy Telescope (ACT) [H 113 and South Pole Telescope 
(SPT) [4^ could be useful for the search for cosmic 
strings. 

Next, cosmic strings are themselves highly nonlinear 
objects that should induce non-Gaussian fluctuations. 
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Because the primordial fluctuations from standard in- 
flation are expected to be very close to Gaussian, non- 
Gaussian features could serve as an effective tool to de- 
tect and probe cosmic strings. The numerical simulations 
performed by Fraisse et al. [11] have shown that the ob- 
tained one-point probability distribution function has a 
large deviation from the Gaussian distribution. In par- 
ticular, the one-point probability distribution function 
has negative skewness and a non-Gaussian tail. These 
non-Gaussian statistics could be distinctive features from 
primary fluctuations and other secondary effects, and 
may enhance the observability of cosmic strings in future 
small-scale observations [l^ ■ 

Finally, the CMB polarizations, especially the B-mode 
could be a useful probe of cosmic strings through the fu- 
ture observations such as PLANCK CMBPol [soj . 
ACTPol [Hi, SPTPol [53, and LiteBIRD [H. So far, 
at least two sources of the B-mode due to cosmic strings 
have been studied. One is gravitational wave bursts from 
the small-scale structures on strings [13] and the others 
are vector and tensor perturbations produced by a st ring 
network itself; recent numerical simulations |35l . I55l459f 
showed that the contribution from the network of con- 
ventional field-theoretic strings can dominate the B-mode 
spectrum over the angular range 150 < £ < 1000. 

In this paper, we investigate gravitational weak lensing 
due to cosmic (super-)strings as yet another source of the 
B and other modes. This is to be distinguished from the 
integrated Sachs- Wolfe effect, which corresponds to the 
angular scale where the primary fluctuations are damped, 
namely, small angular scale [40]. The B polarizations 
are induced by lensing as the partial conversion of the 
primary E polarizations. First, we calculate the spectrum 
of the convergence field due to strings using the segment 
formalism developed in our previous paper [1^. Then, 
we obtain the temperature and polarization spectra of 
the CMB. clarifying how they can vary according to the 
value of the intercommuting probability P. 

The paper is organized as follows. In Sec. [ill we first 
review the propagation of the cross-section of the congru- 
ence of null geodesic in a perturbed universe. In Sec. IIII[ 
we discuss the application of the formalism to a cosmic 
string network. After describing the basic equations gov- 
erning a string network incorporating the intercommut- 
ing probability P, we derive angular power spectra of a 
convergence due to a string network. Then, in Sec. II VI we 
show lensed CMB angular power spectra due to cosmic 
(super-)strings when the gradient deflection is taken into 
account. Finally, we summarize our results in Sec. |Vl 

II. WEAK GRAVITATIONAL LENSING 

We consider the deformation of the cross-section of a 
congruence of null geodesies under propagation in a per- 
turbative universe [60l - [68j (for reviews, see (69l - [7^ ). The 
metric of the spacetime is assumed to have the form: 

ds2 = g^.dx^'dx'' = a'{Tj)g^,Ax^dx'' , (1) 



where g^^ is the physical spacetime metric, 0(77) is a given 
function of time corresponding to the scale factor of a 
homogeneous and isotropic background, and g^i, is the 
conformally related metric assumed to have the form 



g^^Ax^^dx" = -dr;2 + dx' 



(2) 

x^ojabde'^de^ , (3) 



where h^^ is a small perturbation and ujab is the metric 
on the unit sphere, i.e. (jjabd9°-d9'^ = A6^ + sin^ 6dip^ in 
spherical coordinates. In what follows, tensors defined 
on the physical spacetime and those on the unperturbed 
spacetime will be distinguished by the indication of a 
tilde ("■) and bar (~) as above. 

We consider two geodesies go : x^^[v) and g : x^{v) = 
x^{v) -\- £,^{v) with V being the affine parameter along 
the light ray. We choose x'^{v) as a reference geodesic 
and is a deviation vector labeling the reference 

geodesic. The affine parameter along v increases with 
decreasing time and u = at O. With these notations 
we can define the tangent vector along the geodesic g as 
A:^ = dx^/dw. This is a null vector satisfying the equa- 
tions: 



0, 



(4) 



where is the covariant derivative associated to the 
physical metric gp^u- It can be shown that gp.uk^^'^ is 
constant along the geodesic and vanishes at O, so we 
have gpi/A:^^" = 0. We denote by the observer's 4- 
velocity at O, satisfying g^^u^^u'^ = — 1. The energy of 
a photon measured by the observer can be written as 
E = — g^i/fc'^u". We also introduce rjo as the conformal 
time at O. 

With these notations, we now describe the geodesic 
deviations. It is useful to express a geodesic deviation 
equation in terms of two-dimensional orthogonal space- 
like basis along the light ray, with a = 1,2, which 
satisfy 



1^ (^n — 9tiyU 



0. 



(5) 



Wc use the Latin indices starting from the letter 
a (a, 6, • • • ) for the polarization basis. The vectors 
{A:^,M^,e^} form a basis at O. They can be parallel 
transported along the geodesic g: 



Deli 

— i^ = 0, 
av 



dw 



= 0. 



(6) 



Since gfi^S.^k'^ = 0, the deviation vector along the 
geodesic can be expressed as 



(7) 



In terms of the projected deviation vector = ej^^'^, the 
geodesic deviation equation in the conformal transformed 
spacetime can be written as [6l|, 



2ca 



d^e 



■j-a /-b 



(8) 
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where we have used the definition, (VqV^ — V^Vq)A:^ = 
R'^vapk'^ ^ and R^pau is the Riemann tensor of the met- 
ric 5^1/. We denote by T°6 the symmetric optical tidal 
matrix, which is defined as 



(9) 



Given the initial condition at the observer, ^a|o =0, the 
solution of Eq. ^ can be rewritten in the following form: 



C{v) = 'b\{v) 









{eo 


dv 


J 



■D\{v)d9l, (10) 



where Eq = E\o, dOf denotes the angular coordinates of 
the image at O, Vj' is the Jacobi map and it satisfies 



du^ 

with the initial condition at the observer O: 



0, 

dv 



(11) 



(12) 



The angular position of the source is related to the dis- 
placement vector as d0g = S^°'{vs)/Ds, where Ds = 



det I?''f,('i;5)| is the angular diameter distance at the 
source. The expression Eq. (|10p can be rewritten in the 
form 



^^de^, ^ A\det . 

Ds 



(13) 



We have defined the amplification matrix A"'b charac- 
terizing the deformation of the shape of the background 
light. 

The conformal transformation g^^, i— > g^i, maps a null 
geodesic on g^j^ to a null geodesic on g^j^ with the afiine 
parameter transformed as di; i— >■ dA = a~^dv [t^. There- 
fore, we can introduce the null vector k^^ tangent to the 
geodesic g defined by 



dxi" 
'dX 



(14) 



Then, Eqs. (U) are rewritten as g^iyk^^k'^ = and 
k^Wpk'^ = 0. For convenience, we also introduce the 
4-velocity and the polarization basis on the con- 
formal transformed spacetime by m'* = a u'^ and = 
ae^. The energy of the photon can be rewritten as 
E = a-^gf.^kt^u" = a'^E. 

Using these transformations, the evolution equation for 
the Jacobi map (fTTI) can be rewritten as l69j 



map V^b aud the symmetric optical tidal matrix 7~°h in 
conformal transformed spacetime: 



T\ = -R 



kt'k'^t 



(16) 
(17) 



where R^pva is the Riemann tensor of g^^- Hence, in the 
cosmological background, it is sufficient to perform the 
calculation without the Hubble expansion and reintro- 
duce the scale factor at the end by rescaling the Jacobi 
map, namely 2?°b M- 2?"^ = aV^b- 

To see the solution of the Jacobi map in the conformal 
transformed spacetime, we then expand Vab, and Tab as 
T^ab = '^ab + SVab, and Tab = Tab + ^Tab- Siucc 7^6 = iu 
the unperturbed spacetime, the zeroth order Jacobi map 
trivially reduces to V'^b = EoXS°'b- Plugging the zeroth 
order solution, we have the Jacobi map up to linear or- 
der 

SV\{Xs) = Eo [ 'dX (As - A) A dT\{X) , (18) 
Jo 

where ST^'b = '~5Rppvak^k''eP°'e'(,. Since we consider 
only a first order in metric perturbations, we can evaluate 
the integral along the unperturbed path, namely Born 
approximation. 

Reintroducing the scale factor, we then have the am- 
plification matrix by using Eq. (jl3p as 

A\ = 5\ + dA.^^^— ^ ST\iX) , (19) 
Jo As 

where we have used the zeroth order result, Ds = 
a{Xs)EoXs- In particular, the convergence k is defined 
in terms of the amplification matrix as 

k=1-^TtA\. (20) 



III. COSMIC STRINGS 
A. String network dynamics 

We briefly review an analytic model for the evolution 
of a cosmic superstring network. We rely on the velocity- 
dependent one-scale model [73 - [77j and extend it taking 
the probabilistic nature of the intercommutation process 
into consideration [4^ . 

In the original model, a string network is characterized 
by just two physical quantities: the correlation length 
^ and the root- mean-square (rms) velocity Wrms. The 
correlation length, which is supposed to characterize the 
intcrstring distance at the same time, is defined by 



dA2 



Vb = T^'c'D" 



(15) 



with the boundary conditions: T>°-b\o = 0, dr'^jj/dAjo = 
Eo5°'b, where Eq = E\o- We have defined the Jacobi 




(21) 



where Pstr denotes the energy density of the strings in- 
corporated in the network. 
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To describe the evolution of the network, it is conve- 
nient to work with the cosmic time t cc J adrj. A Hubble- 
normalized variable 7=1 /H^ is also introduced for con- 
venience. 

In addition to Hubble friction, we take into account the 
energy loss from the network due to loop formations as- 
suming its rate is given by dpsti/dt ~ —cPvrmsPsti/£, |H, 
IM, 45.5^6(1, where c ~ 0.23 quantifies the efficiency of loop 
formation [tI, [t^ • In the case of (decelerated) power- law 
expansion, a (x ri^l^^~P^ a with j3 being constant, we 
obtain the evolution equations for 7 and t^rms as, respec- 
tively. 



t d7 
7 di 

dt 



1 - /? - -PcPv^rasl - l3vLs , (22) 



(23) 



where k is the momentum parameter and for it we use 
the following approximate form [t^ : 



^(^rms) 



2^2 1 - 8v[ 



6 

rms 



1 + 8< 



(24) 



We assume that, by the time of the last scattering of 
the CMB photons, the network reaches the regime of 
scaling, in which the correlation length ^ scales with the 
Hubble radius. In the scaling regime 7 and Vrms stay 
constant in time. Then in the matter-dominated era, we 
can algebraically solve Eqs. (|22|) and ((23)) for cP <C 1 to 
obtain il 



1 



1 



TT 

37, 



7 ' 



^^/2 
3cP 



(25) 



Note that in our treatment the string energy density 
comes to obey an approximate proportionality pstr = 
/i7^ff^ cx P~^. This P dependence is consistent with 
the numerical simulations in (TSj . while [76j obtained a 
relatively weaker dependence, pstr oc P~" with < a < 
1. It is beyond the scope of the present paper but would 
be important to calculate more precisely the scaling val- 
ues, 7 and Wrms, to match numerical calculations. 



B. Convergence due to a string network 

We assume that strings can be well approximated as 
Nambu-Goto strings and the gravitational field of strings 
is sufficiently weak so we can solve the linearized Einstein 
equations. From Eqs. ([TO]). (PO)) . the convergence k can 
be described by the stress-energy tensor T^^ as 

1. 



K = l--Tr^% 

1 f^"" , ixs - X)x 

dx 

Xs 



ri=no-X 



Xs 



,(26) 



where we have introduced = k^/Eo, dx = Eod\. 
In what follow, we consider a static observer and K^^ = 
(1, n). We note that the conformal distance to the source 
is not directly observable and we should express the con- 
vergence as a function of the redshift of the source [g^I . 
Although one expects a small correction due to the per- 
turbation of the redshift, the contribution of the redshift 
is neglected in this paper. 

To see the contribution due to string segments, we 
should evaluate the stress-energy tensor of a string. 
In the conformal transformed spacetime, a convenient 
choice of the gauge is the transverse gauge. In this gauge, 
the stress-energy tensor can be described as [U 

r^"(r, V) = / daf ^"-53 _ ^^(^^ ^ (27) 



where T^^ is given as 



'L'L 



(28) 



and we have introduced the three-dimensional coordinate 
with the origin O as r and the embedding function of 
the string position as tl ~ ri^{(j,ri). We use the Latin 
indices starting from k with the range from 1 to 3 and 
the bold letters to label spacelike 3- vectors. The dot and 
the prime denote the derivative with respect to 77 and a, 
respectively. 

In Eq. (|26p . the energy- momentum tensor is properly 
evaluated along the line of sight h in the following man- 
ner: Once the comoving distance x measured from us is 
given, it fixes the comoving vector r = xn and the con- 
formal time Tj — riQ — X simultaneously. The Dirac delta 
function in the integral (27) then picks up the value of 
the string energy-momentum tensor T^"^ at the possible 
intersection of the light ray and the string world sheet, 
(cr, 1]) = (cric(x, "), »7o - X), where 



Xn ^ TL(cric(x, «-), 'yo - x) ■ 



(29) 



In this paper, we use the formalism proposed in [39[ 
for the angular power spectrum due to cosmic (super- 
)strings. Since the observed sky map of the convergence 
due to string segments can appear as a superposition of 
those due to each segment, the total contributions of the 
convergence can be decomposed into each contribution of 
each string segment. In our treatment, we first introduce 
a segment index "(i)" to denote the contribution from 
each segment between last scattering surface (LSS) and 
the present. For simplicity, we also assume that the i- 

(i) 

th lens object is localized at x = Xl , namely, thin-lens 
approximation. Under this approximation, the distance 
between the observer and the i th lens object can be 

approximated as |r['Vic(x, "■), "^o - x)l ~ x'l ■ Hence, 
the stress-energy of the string network along the ray can 
be well approximated as 



V=Vo-X 



T^Axn,m - X)K^K'' « E -^^^'^(^)^ (x " 

{i) Xl 



xnm 
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where S'^*)(n) denotes integrated energy-momentum of 
the i th string observed by the CMB photon [g^ : 



■A^) 



(s)) , (31) 



where we have introduced the angular position of the 



i-th segment along the ray as n'l\s) = rl^' (Xh' ^^Vo ~ 

Xl^)/Xl^ the world sheet angular coordinate as ds = 

dcic/XL^ and A''proj('^) represents the projected energy 
density of the string segment, which is defined as 



Mproj(s) 



(1 



n 



n 



(32) 



The value of /iproj(s) is normally of 0{/d) and the thin- 
lens approximation implies that the contributions from 



n^'' • and 



L are small. Then the projected 

energy density is well approximated as /iproj(s) ~ /i. 

We note that the thin-lens approximation may not hold 
in the case of strings since strings are extended and move 
with relativistic speed. Let us estimate the range of pa- 
rameters in which the thin-lens approximation is a valid 
approximation. Since a string segment can be treated as 
a lens object with a thickness ~ ^ , the thin-lens condi- 

^ 1 c / n'^^^ 



tions can be estimated as i/D\^' <^ 1 and ^/-Dls <C 1 , 

where = a(r?o-XL^)XL\ d'^s = a('7o-Xs)(xs-XL^) 
are the angular diameter distances from the i-th lens ob- 
ject to the observer and the source, respectively. In the 
matter-dominated era, the conditions constrain the range 
of the redshift of the segment as z^'^ > 0.4(cP/0.23)i/2 . 

To see the physical interpretation, we now switch to the 
physical spacetime. Substituting Eq. (l30l) into Eq. (l26l) . 
we have 



,(33) 



where -Ds = cl(j1o^Xs)xs is the angular diameter distance 
from the source to the observer. We can evaluate the 
harmonic coefficient of the convergence, Kim, as 



Ken 



dnK{n)Y;^{n) 
^i^G.^JdsY, 

(0 



em 



n 



(34) 



and then the angular power spectrum of the convergence 
can be written as 



2e 



Ken 



21 



(0 ^(j)* 

e-m 



(0 



(35) 



For the string segments, the ensemble average can be 
replaced by averaging over the parameter space [1^ , 



n 



1 /dz«i^ 
N / dz(') 



d© 



dn 



d0 



,(36) 



where (dy/dz)dz is the differential comoving volume el- 
ement at redshift z, (dn/d0L) • d©L is the comoving 
number density of string segments with the parame- 
ters in the range [0l,©l + d0L]. Note that the to- 
tal number of the segments can be rewritten as = 
/ dz(dVldz) J (dn/d©L) • d0L. 

Now the string segments are assumed to be distributed 
randomly between LSS and the present consistently with 
the string network model. This implies that there is no 
correlation between two different segments, = 
for (i) (j). Then, we can assume that the 1-segment 
contribution C^'^' ^'^^ dominates the angular power spec- 
trum. We should note that there may be nonzero contri- 
bution from the segment-segment correlation (^^'^-^sog g^-^ 
large scale £ > 156(cP/0.23)~i/2 if we consider a more 
general string network [s^. However, the estimation of 
^Kt^.2sog beyond the scope of the present paper and 
we will simply assume it is negligible. We hope to come 
back to this issue in a future publication [9^ . Then, the 
power spectrum of the convergence can reduce to 



Cr ~ I dz^ / d©T 



dn 
d©7 



gri&L,z), (37) 



where we have introduced the minimum redshift z^in 
such that the optical depth becomes unity, namely r w 
7ln(l + z„,in) = 1, namely z,„i„ « 0.5(£F/0.23)i/2 g. 
And g^'^ represents the angular power spectrum due to 
each segment: 

5r(eL,z) = ^Ehi™(®L'^)r 



Ds 

X J dsids2PHnL(si;©L) •nL(s2;0L)) , (38) 

where Pe (cos 6) is the Legendre function of the first kind 
and we have used the relation, J2m^im{'fi'i)Yem{'fi'2) = 
(2£+l)P,(^i •^2)/4^. 

Assuming that a segment is uniformly distributed on 
the sky, we can set nL(si)-nL(s2) = cos[|rL|(si— S2)], and 
we find that the dependence of the direction of the string 
segment disappears in Eq. (p8| . Hence, the average over 
the string configuration parameters can be replaced by 
the number density of the string network, namely / d©L ■ 
(d??yd©L) ^ C"^ = H^l^- 

In our calculation, we consider only a segment of a 
long string with length '--^ ^ at each scattering. Therefore 
we take the range of integration over si.2 as |t'l|si_2 ^ 
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primordial scalar perturbations 


...^ r 










'''----..{^ p= 10"' ~ ~ 












P= I " -^^^ 













500 1000 



FIG. 1: The contributions to from logarithmic intervals 
of 1 + 2, Di", in the units of (G^)^ for P = 1. From top to 
bottom, z = 2, 10, 100, 500, and 1000. 




FIG. 3: The ah-sky total angular power spectrum with 
Gfj, = 2 X 10-\ The curves are, from bottom to top, for 
P = 1, 10"\ 10"^, and 10"^. The gray dotted lines show the 
asymptotic behavior (x for large £. For comparison, the 
power spectrum of the convergence due to primordial scalar 
perturbations is shown by the black solid curve. 



contributions of the segments at low redshifts, and the 
effect becomes more significant for lower multipoles. This 
is because of the weight factor (xs — X)x/xs in Eq. (|26l) . 
which describes the fact that the contribution from x ~ 
Xs/2, namely z ss 2.5, dominates the convergence field. 



FIG. 2: The same quantity as Fig. [T]but as a function of z 
for various values of £. From top to bottom, £ = 2, 10, 10^, 
10^ and lO"*. 



^/Dl = 1/^co, where 4o is the angular scale correspond- 
ing to the correlation length of the segment. Then, Q^^ 
in Eq. p8| reduces to 



1 



2£/£co(z) 



duPf (cos(?V^)) • (39) 



Once we set \ri^\ ~ Umis said the Universe is assumed to 
be matter-dominated, wc can calculate the angular power 
spectrum of the convergence by using Eqs. (|37| and (pQ)) . 
Let us introduce the redshift distribution of C^" : 



dz 



1 



(40) 



In Figs. [T] and [H D'^'^ for P = 1 is plotted as functions 
of z and £, respectively. Wc understand from these 
figures that the total amplitude mostly comes from the 



In order to investigate the dependence on the inter- 
commuting probability P , the total angular power spec- 
tra of the convergence C^'^ with various values of P are 
shown in Fig. [31 The typical amplitudes of the lensing 
power spectrum at ^ = 10 are C^^^q ~ ^-^ ^ 10^(0^)^ 
for P = 1, 4.6 X 103(0/^)2 for P = IQ-^, 8.7 x 10'^{G^i)^ 
for P = 10-3, and 3.0 x 10*^(Gm)^ for P = 10"*^. 



The spectrum generally shows the inverse power-law 
behavior, ex £~^, on small scales, while it has a plateau 
on large scales. As P decreases, the spectrum grows and 
the transition to the inverse power-law occurs at smaller 
scale. Actually, the amplitude on small scales C^" and 
transition multipole £ are found to be in proportion to 
P~^ and P~i/2 , respectively. These properties can be 
understood as follows: Because D'^'^{z) oc iiz)~^ Gg'^iz) , 
the dependence on £ is determined by Q1'^{z) . Equation 
([55]) implies that for small scales, £ > £co{z) , the inte- 
gration over u gives a constant value; therefore, gg'^{z) 
is in proportion to £~^, while the dependence on £ be- 
comes relatively weak for large scales, £ < £co{z) . Then 
integrating over z, we find that the transition of the spec- 
trum to the inverse power-law occurs at ^co(2lss)i the P 
dependence of it being P~^^^ . One can also see that the 
dependence on P of the amplitude can be estimated as 
cx r^C^ oc P-I . 
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IV. LENSED POWER SPECTRA FROM 
COSMIC (SUPER-) STRINGS 

Lensing involves deflections that remap the tempera- 
ture and polarization fields. The lensing effect is conven- 
tionally expressed as the change of the direction vector 
by an angular gradient of the scalar lensing potential 0: 

n^n + Va0(n), (41) 

where Vfi represents the angular derivative, i.e., the co- 
variant derivative on the sphere, and is defined in terms 
of the convergence as 

'^(") = ^V?0(n). (42) 

This expression is valid for scalar perturbations, but 
topological defects also generate vector and tensor per- 
turbations, which lead to a curly part of the deflection 
angle; n — > n + Vfi </> -|- (*V^) where * is the 90- 
degree rotation operator j79l - l83| . The estimation of the 
curly component is beyond the scope of the present paper 
and we will simply assume it is negligible. The effect of 
the curly component will be discussed in a forthcoming 
paper [sj, HH . A brief derivation of the Icnscd angular 
power spectra is described in the Appendix, assuming 
the shape of the deflection takes the form of Eq. (HTJ. 
Substituting the previously obtained power spectrum of 
the le nsing potential into Eqs. (|A12p . (|A13|) . (|A14p . and 
(IA15[) . one obtains the all-sky CMB power spectra. 

Although the string-induced convergence power spec- 
trum peaks at low multipoles, higher multipole modes 
of CMB are also induced by lower multipole modes of 
lensing via convolution. That is why we need to treat 
lensing with all-sky formalism rather than flat-sky ap- 
proximation. In fact, numerical computations reveal that 
corrections to the flat-sky results amount to about 20% 
even on small scales. 

Figures 01 m ini and [7] respectively show the 90, 0E, 
EE and BE angular power spectra induced by the grav- 
itational lensing due to cosmic (super-)strings. For the 
string components, the normalization of the spectra is 
related to the string tension as C^-^ oc (Gn)'^, and we 
took G/x = 2 X 10~^ for all the plots. In these flgures one 
can see that the amplitude of the spectra increases as 
P decreases. This is because the smaller the probability 
P is, the larger the amplitude of the power spectrum of 
the induced scalar lensing potential is. For comparison, 
contributions from the inflationary density perturbations 
are also shown. The cosmological parameters are chosen 
to match the current CMB data [86| . 

For 09, 9E, and EE, the differences between the 
lensed and unlensed spectra show the oscillatory behav- 
ior around zero, which is also seen in the case of the weak 
lensing due to primordial scalar perturbations [131 • For 
BB, in the large-scale limit the differences between the 
lensed and unlensed spectrum can be well approximated 
by white spectrum, namely Cf^ — Cf^ = constant. On 
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FIG. 4: The temperature angular power spectrum in the units 
of fiK^. All the curves, except the unlensed primordial spec- 
trum in gray, represent the difference of the lensed spectra 
from the unlensed one. Parameters are, from bottom to top, 
P = 1 (red), 10"^ (orange), 10"^ (green), and 10"'' (blue), 
with G/i — 2 X 10^^. The solid and dashed curves mean the 
positive and negative value, respectively. The spectrum due 
to the primordial density perturbations is shown as the black 
curve for comparison. 
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FIG. 5: The QE polarization angular power spectrum in the 
units of fxK^. The meaning of the curves and parameters are 
the same as Fig. U 



the other hand, an interesting feature observed in the 
small-scale limit is that the string-lensed BB spectra de- 
cay more slowly than that of the primordial scalar per- 
turbations. Actually, the spectra are approximately in 
proportion to the angular power spectrum of the conver- 
gence, e{Cf^ - Cf^) cx C^"" [H, and therefore we have 
that £2(C'BB _ c-BB) ^ g-i (-ggg Fig.[3]). This character- 
istic power-law behavior will help us distinguish cosmic 
(supcr-)strings from other secondary effects. Even if the 
strings have only small tension, the string weak lensing 
could serve as the dominant source for the BB polariza- 
tion on sufficiently small scales. 

Because of how the amplitude depends on the inter- 
commuting probability P , the tension of strings Gfi is 
more tightly constrained for smaller values of P . Re- 
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FIG. 6: The EE polarization angular power spectrum in the 
units of ^K^ . The meaning of the curves and parameters are 
the same as Fig. ID 
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FIG. 8: Constraints on G\i as a function of intercommuting 
probability P obtained by requiring that the amplitude of the 
string-induced BB spectrum should be smaller than that of 
the primordial scalar perturbations at each i . For compari- 
son, the upper bound obtained by considering the small-scale 
CMB temperature fluctuations from the GKS effect is shown 
in black solid curve [39| . 

small-scale temperature fluctuations due to the string 
GKS effect with observations [s^. Although the con- 
straints from the lensed B-mode are weaker than the up- 
per bound on G\i from the GKS effect and the lensing 
contribution of the cosmic (super-)string network would 
be too small to be detected, the dclcnsing of the CMB 
may substantially improve the effectiveness of the B- 
mode as a probe of cosmic strings in the future exper- 
iments [H, 113 . 



FIG. 7: The BB polarization angular power spectrum in the 
units of [i.K'^. The curves are, from bottom to top, the dif- 
ference between the lensed and unlensed spectra for P = \ 
(red), 10"^ (orange), 10"^ (green), and 10"® (blue), with 
Gil = 2 X 10^^. The spectrum due to the primordial den- 
sity perturbations is shown as the black curve for compar- 
ison. The unlensed primordial spectra due to inflationary 
tensor perturbation with r = 0.1 (not lensed by density per- 
turbations) is shown by the gray solid line. For comparison, 
the spectrum with r = 0.01 is also shown by the gray solid 
line. The dotted lines in orange are the sensitivity curve of 
PLANCK, EPIC-2m [HO], combined PLANCK-^SPTPol [111, 
and LiteBIRD [H. 



quiring the amplitude of the BB spectrum due to strings 
should be smaller than that due to the primordial pertur- 
bations at some £ yields upper limits on G/.i as a function 
of the probability P . Figure |8] shows constraints on G/i 
at £ = 10^, 10^, 3 X 103, 5 X 10^ and lO*. Tighter con- 
straints on G[i can be obtained at larger £'s because the 
small-scale BB spectra decay more slowly compared with 
that due to the primordial perturbations, as we discussed 
above. 

In Fig. [S] we have also plotted the upper bounds on 
the tension obtained by the comparison of the predicted 



V. SUMMARY 

In this paper, we gave calculations of cosmic (super- 
)string contributions to the temperature and polarization 
anisotropics of the CMB induced by gravitational weak 
lensing. We developed a method to calculate the angular 
power spectrum of the convergence due to cosmic (super- 
)strings by using the segment formalism (39| . Using our 
method, we clarified the dependence of the string-induced 
CMB polarizations on the intercommuting probability of 
strings explicitly. Assuming that the power spectrum 
is dominated by Poisson-distributed string segments, we 
found that the contributions from segments located at 
low redshifts are dominant and low mutipole modes of 
lensing are essential even at high I in CMB. Therefore, we 
had to treat lensing effects due to a cosmic string network 
in an all-sky formalism. The amplitude of the spectra in- 
creases as P decreases, because the smaller the probabil- 
ity P is, the larger the amplitude of the power spectrum 
of the induced scalar lensing potential is. An interest- 
ing feature observed in the small-scale limit is that the 
string-lensed spectra decay more slowly than that of the 
primordial scalar perturbations. 

Let us argue an ambiguity in our calculation. The 
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correlation between two different segments has not been 
well understood either analytically or numerically. Be- 
cause the segment-segment correlation, if it exists, may 
not be negligible on large scale, the power spectrum of 
the scalar lensing potential may have additional modi- 
fications [3^. It would be interesting to compare with 
numerical simulations and study the large-angle behav- 
ior of power spectrum of the scalar lensing potential and 
the string-induced CMB polarizations. 

It is also important to discuss lensing contributions 
to the CMB bispectrum. Lensing events lead to devia- 
tions from Gaussianity because a lensed spectrum is a 
nonlinear function of two nearly Gaussian fields. Equa- 
tion (jA7p implies the leading part of the bispectrum is in 
proportion to the cross-correlation between the temper- 
ature fluctuations and the lensing potential. For cosmic 
(super-)strings, nonzero cross-correlation is expected to 
exist between the integrated Sachs- Wolfe effect due to a 
straight string segment, i.e. GKS effect [2^, [s^, and the 
gravitational potential included in the lensing potential 
(f). The work along this direction is in progress [90[. 
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Appendix A: Lensed spectra 

We describe a simple derivation of the lensed angular 
power spectrum using a series expansion in the deflec- 
tion angle. We begin by reviewing the calculations for 
the temperature and polarization lensed power spectrum, 
following [s^]. The CMB radiation field can be charac- 
terized by a 2 X 2 intensity matrix lab- The temperature 
fluctuation is given by 8 = [In +/22)/4, and the Stokes 
parameters Q and U are defined as Q = (In —122)/^ 
and U = /12/2. In CMB observations, the temperature 
fluctuations on the sky, &{n), can be decomposed into 
the multipole moments: 



e(n) 



(Al) 



Since the complex polarization fields, ±X{n) = Q{'h) ± 
iU{n), behave as spin-2 quantities, they can be decom- 
posed in the harmonic coefficients for the spin-2 fields: 



+X{ 



(A2) 



im 



where ±2Yej-n is the spin-2 spherical harmonics on the 
unit sphere. In particular, we can introduce the parity 
eigenstates: 



Eim — 2 ( +^em 



Bpm — 



2i 



Xtm — -Xg. 



(A3) 
(A4) 



The lensing effects are conventionally expressed by the 
angular gradient of the lensing potential 0: 



(A5) 



Through the gravitational lensing of the matter pertur- 
bation, the temperature anisotropy of the CMB, 9(n), 
becomes 



e(n) = e(n + V^0) 

« e(n) + (/)(n)^"e(n):, 

+ i</)(n)^Xn)^''e(n):a6 + 



(A6) 



where the colon ( : ) denotes the covariant derivative with 
respect to the metric on the sphere, ujab ■ Then, the har- 
monic coefficients are described by the unlensed temper- 
ature fluctuations as 183 



+0 (<^2) , 



M 



L 

-M 



where 



(A7) 



1 denotes the Wigner ij symbols 



and sS"^ is described as 



e{£ + i) + e'{i' + i)-LiL + i) 



An 



s -s 



By following the same step as we did for the tempera- 
ture fluctuations, the harmonic coefficients of the lensed 
complex Stokes parameters, ±Xem, can be expand in the 
deflection angle as 



±Xlm — ±Xlm 

+ ^ (l)em±Xe'm' ±2Sf 
+ 0(6^) , 



.(-1) 



M 



t £' L 
m m' —M 

(A9) 
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where ±28'^ was defined in Eq. (|A8|) . 

Because of a statistical anisotropy, tlie power spectrum 
and cross correlations of these quantities are defined by 



(AlO) 



where (• ■ ■ ) represents the ensemble average over the sky, 
X and x' can take on the values O ,E, B, and </). Since 
the convergence field k is directly related to the lensing 
potential cj) through Eq. ([42]), the power spectrum for 
the lensing potential Cf^ can be written in terms of the 
power spectrum for the convergence C^'^ as 



Cf 



(All) 



Recalling ±Xirn = Eim±iBirn, we have the lensed power 
spectra in terms of the power spectra of the unlensed 
fields, Cf ®, Cf^, Cf^ and Cf^, as 13 



Cf^ = {l-^(£ + l)7^}cf® 

( c4> \2 

{i-(£2 + £-4)7e}Q™ + ^ 



c, 



EE 



(A12) 



2(21+1] 



11(2 



2{2e + i) 



ct 



c: 



BE 



= {l-(£2+£-2)7^}cf^ 

+ E ^^^%^|H^C//C«- , (A15) 



where 



Stt 



(A16) 



The gravitational lensing contributes to EE and BB spec- 
trum mainly through partial conversion of the EE spec- 
trum. Given the power spectra of the unlensed fields and 
lensing potential, one can calculate the lensed spectra. 
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